On Toric Varieties

Inauguraldissertation
der Philosophisch-naturwissenschaftlichen Fakultat
der Universitat Bern
zur Erlangung der Doktorwiirde

vorgelegt von

Stephan Fischli

von Basel (BS) und Néfels (GL)

Leiter der Arbeit: Prof. Dr. P. Mani
Mathematisches Institut

Von der Philosophisch-naturwissenschaftlichen Fakultat
auf Antrag des Herrn Prof. Dr. P. Mani angenommen

Bern, den 27. Februar 1992 Der Dekan:
Prof. Dr. U. Wiirgler

Selbstverlag, Bern, 1992






Preface

I first learned about toric varieties when I read Stanley’s proof of McMullen’s famous
g-conjecture (see [10]). In this proof Stanley interprets the components of the h-
vector of a rational simplicial convex polytope as the dimensions of the cohomology
groups of the associated toric variety. Then, by applying the hard Lefschetz theorem
to the toric variety and using results from commutative algebra, he deduces the
conjectured conditions for the h-vector. It is this connection between the topology
of toric varieties and the combinatorial geometry of convex polytopes (or fans in
general) which has fascinated me since then.

The idea of this thesis was to describe the cohomology (with integral coefficients)
of a toric variety in terms of the underlying fan which already contains all of the
information. To this aim we establish in section 2 a spectral sequence for toric
varieties whose Es-term is determined, up to multilinear algebra, by the cones of the
underlying fans. As an application we show how this spectral sequence can be used
to compute the cohomology of a 3-dimensional toric variety. Before, in section 1,
we present a topological definition of toric varieties due to R. MacPherson and
construct a finite CW-cell decomposition. Finally, in section 3, we give a topological
classification of the smooth 2-dimensional toric varieties. This section, which is joint
work with David Yavin, may also serve as a source of examples of toric varieties.

At this point I wish to thank all the people who have supported me during the time
when I was writing this thesis. Especially I am indebted to Peter Mani, my advisor,
for having aroused my interest in many mathematical problems (as well as in non-
mathematical things like Charlie Parker). It is also due to him that I met some other
interesting mathematicians like Prof. Ewald and Markus Eikelberg who introduced
to us the algebraic geometry of toric varieties, and David Yavin who gave us an
insight into their topological structure. The resulting collaboration with David let
me experience how lively mathematics can be. I also wish to thank Victor Batyrev
and Urs Wiirgler for the stimulating discussions I had with them, and the National
Science Foundation for the financial support which made this thesis possible.



List of symbols

Pro
X5

p

unit ball in R

unit sphere in R?

complete fan in R?

cone of the fan X

cell of B? dual to the cone o

subspace of R orthogonal to the cone o
subgroup of Z? orthogonal to the cone o
d-dimensional (real) torus

subtorus of T¢ generated by the cone o
quotient of T¢ modulo the subtorus T},
canonical projection of T, onto T, (for 7 C o)
toric variety associated to the fan X
projection of Xx onto B¢

By the interior and the boundary of a subspace A C X, denoted by int A and 0A,

we always mean its relative interior, respectively boundary, with respect to its closure
clA in X.
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1 Preliminaries

1.1 Definitions

A set 0 € R% is called a rational polyhedral cone in R?, if there exist finitely many
vectors vy, ..., v, € 7% such that o = R.,v; + ...+ R.ov, (where R., denotes the
non-negative real numbers). The dimension of o is defined to be the dimension of the
subspace spano, and o is called simplicial if the generating vectors vy,...,v, can
be chosen linearly independent (and hence n = dim ). If H ¢ R? is a hyperplane
which contains the origin 0 € R? such that o lies in one of the closed halfspaces of
R¢ bounded by H, then the intersection o N H is again a rational polyhedral cone
which is called a face of . If {0} is a face of o, we say that ¢ has a vertex at 0.

Definition 1.1 A fan ¥ in R? is a finite set of rational polyhedral cones in R?
satisfying the following conditions:

(i) Every cone o € ¥ has a vertex at 0;

(ii) If 7 is a face of a cone o € X, then T € 3;

(iii) If 0,0’ € ¥, then 0 N ¢’ is a face both of ¢ and o,

> is called simplicial if it consists of simplicial cones, and ¥ is called complete if
Uses o = R% Let ¥ denote the set of i-dimensional cones in ¥ and a; their
number.

Example 1.1 Let P ¢ R? be a d-dimensional convex polytope with rational ver-
tices and assume that 0 € int P. Then the cones U,cr Rsoz spanned by the faces
F of P, together with the cone {0}, form a complete fan in R? which is simplicial
whenever the polytope P is simplicial. Such a fan which is generated by a convex
polytope is called polytopal.

In the following we will always assume a fan to be complete. Thus the sets obtained
by intersecting each cone o € ¥, o # {0}, with the unit sphere S9! ¢ R? form
a spherical complex C. Let C' be the barycentric subdivision of C, and for o € %,
o # {0}, let & be the union of all simplices in C’ whose vertices are barycenters
of elements in C which contain o N S9!, Note that inté is a homology cell of
dimension d — dimo. For ¢ = {0} we set 6 = BY, the unit ball of R% and call
. = {6] 0 € £} the dual complex of X.

Let T denote the d-dimensional torus R%/Z®. Each k-dimensional cone o € ¥ spans
a k-dimensional subspace of R? which, since it has a rational basis, maps under the
canonical projection RY — T to the k-dimensional subtorus

T, = (spano + Z%)/Z* = span ¢ /(span o N Z%).



Definition 1.2 The toric variety Xs, associated to the complete fan ¥ in R? is
defined to be the quotient space B¢xT?/~ where ~ is the equivalence relation given
by

(v,t) ~ (2, t') < z=2"and t —t € T, where x € int 5.

We call d the dimension of Xy, and denote by p the projection of X5, onto B

Note that over each interior point of a face & C B? the torus T is collapsed by the
relation ~ to the quotient

T, =TT, = R%/(span o + Z%).

Since spano N Z% is a direct summand of Zd, i.e. there is a subgroup G C Z? such
that Z¢ = (span cNZ?) @ G, it follows that 7, = (span G)/G is a torus of dimension
d—dimo =dimé and T4~ T, & T,.

The proofs of the following properties can be found e.g. in [1].

Theorem 1.1 Let X5, be the toric variety associated to the complete fan X in R
(i) Xs is compact and simply connected.

(11) Xy is a smooth manifold if and only if ¥ is simplicial and every d-dimensional
cone in ¥ can be generated by a basis of Z (in which case the fan ¥ is called regqular).
(i4) If f is a unimodular transformation of R%, then the toric variety Xsy associated
to the fan X' = {f(o)| o € X} is homeomorphic to Xx.

1.2 CW-cell decomposition

Next we construct a finite CW-cell decomposition of a toric variety Xy. For each
pair of incident cones 7 C ¢ in the underlying fan X let p,, denote the canonical
projection T, — T,. Then Xy is homeomorphic to the topological sum 3} oxT,
in which two points are identified whenever they correspond under a map idg2xp; ..
Therefore, if we define for each cone ¢ € ¥ a CW-cell decomposition of the torus
T, such that the projection maps p,, are all cellular, the products of the cells int ¢
with the cells in the decomposition of the corresponding torus T, form a CW-cell
decomposition of the toric variety

XE = U inté'XTo-.

oeY

Lemma 1.1 Let X5, be the toric variety associated to the complete fan ¥ in R
There exists a finite CW-cell decomposition of Xs such that p~*(6) is a CW-sub-
complex for all cones o € X.



Proof For each cone 0 € ¥ let 7@, : T% — o+ /7, (Z%) be the map induced by the
orthogonal projection 7, of R? onto the subspace

ot ={reRYr-y=0 Vyco}

Since ker @, = 7T, there is an isomorphism #, : T, — o+ /7-(Z%). Thus a finite
CW-cell decomposition of the torus T}, is equivalent to a CW-cell decomposition of
the subspace ot which is periodic with respect to the group m,(Zd) such that there
are only finitely many classes of periodic cells. Such a decomposition of o+ can be
defined as follows.

For a non-zero vector v € o let H(v) = {x € 0| z-v € Z} be the band of parallel
hyperplanes generated by v. If V C ot is a finite set of non-zero vectors which
span o+, the closures of the components of ot \ U,e H(v) are convex polytopes
which, together with their faces, form a polyhedral complex P(V') with support ot.
If in addition the vectors v € V are integral, the corresponding hyperplane bands
H(v) are 7,(Z%)-periodic and hence the polyhedral complex P(V) too. Note that,
if V! C ot is another finite set of non-zero vectors which contains V, the complex
P(V') is a refinement of P(V).

For each pair of incident cones 7 C ¢ we now have the following commutative
diagram

T. % /7 (Z%)

pT,o[ ‘/ﬁ'r,o’

T, = ot/m(2%)

where 7, , is the map induced by the orthogonal projection ., : 7= — o*. There-
fore, in order to obtain finite CW-cell decompositions of the tori 7}, such that the
projection maps p;, are cellular, we have to define for each cone o € ¥ a finite set
V,, C ot of non-zero integral vectors which span o, such that the projection maps
T, are cellular with respect to the corresponding polyhedral complexes P(V}).
Since the composition of two cellular maps is cellular and mp, = 7, o 7, for
0 C T C o, it is sufficient to consider pairs of incident cones 7 C ¢ whose dimensions
differ by 1.

We proceed inductively and assume that we have already defined the sets V.. for all
cones 7 € ¥ of dimension k. (For the cone {0} we may start with the set of co-
ordinate vectors which generates the standard CW-cell decomposition of the torus
T<) Let o be a (k + 1)-dimensional cone and 7 C o a k-dimensional face. For
every pair of linearly independent vectors vy, v, € V, which not both lie in o+, the
orthogonal projection of the intersection H(vi) N H(vy) onto o+ yields a band of
parallel hyperplanes in ot generated by an integral vector v’ € ot. (In fact v’ is a
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linear combination of the vectors v; and vy with coprime integral coefficients.) Let
V:.o be the set of all vectors v' obtained in this way. Then the projection map 7, ,
is cellular with respect to the complexes P(V;) and P(V;,). Thus, if we define V,
to be the union of the sets V; , where 7 ranges over the faces of ¢ of codimension 1,
P(V,) is the common refinement of the complexes P(V;,) and hence all the projec-
tion maps 7, , are cellular, as required.

That p~!(¢) is a CW-subcomplex of Xy, follows from the fact that p~!(&) is a closed
subspace which consists of cells of X.. O

Remark Though the CW-cell decomposition of Xy is finite, it seems hard to
explicitly compute the corresponding cellular homology of Xy, except in the low
dimensional case (see section 3).



2 A cohomology spectral sequence for toric vari-
eties

Let p: E — B be a fibration over a pathwise and simply connected base space B.
Then, by the Leray-Serre theorem, there exists a spectral sequence which converges
to the cohomology of the total space E and whose Fs-term is isomorphic to the
cohomology of B with coefficients in the cohomology of a fibre p~1(b), b € B.
In the case of a toric variety Xy, the projection p : X5, — B? is not a fibration
since the tori T, = p~(z), = € inté € B?, do not all have the same cohomology.
Nevertheless there exists a spectral sequence similar to that of a fibration. But in
order to describe its Fs-term, we have to introduce the notion of a functor on the fan
3 and its associated cohomology which represents the different cohomology groups
of the tori 7, and the transition maps between them. Since the cohomology of the
torus 7, is isomorphic to the exterior algebra on the subgroup of Z¢ orthogonal to
the cone o, we obtain an alternative description of the Es-term.

2.1 Functors on fans and associated cohomology

A fan X can be regarded as a category whose objects are the cones of ¥ and whose
morphisms are the inclusions between them. Thus, a contravariant functor F' from
a fan X to a category C is a map which associates to each cone o € ¥ an object
F(o) € C and to each inclusion 7 C ¢ a morphism F(7,0) : F(0) — F(7), such
that F(o,0) =idp) and F'(0,0) = F(0,7) o F(r,0) for 6 C 7 C 0.

Example 2.1 Let Hj; be the functor which associates to each cone o € X the coho-
mology ring H *(T,) of the torus T,,, and to each inclusion 7 C o the homomorphism
pi,: H* (T,,) — H*(T.) induced by the canonical projection map pr., : Tr — T,.

Example 2.2 Let A5, be the functor which associates to each cone o € X the
exterior algebra A*(c") on the subgroup ¢v = ot N Z? of Z¢, and to each inclusion
7 C o the induced inclusion map i, : A*(¢") — A"(7").

For each cone o € ¥ we define its orientation group O, to be the free abelian group
generated by the pairs (o, 0), (,0) modulo the relation (o,0) + (0,0) = 0 where o
and o0 are the two orientations of o. (Note that O, = Z.) For a face 7 C ¢ of codi-
mension 1 let w,, : O, — O, denote the homomorphism given by [(, 0)] — [(T,0')]
where o' is the orientation of 7 induced by o.



Definition 2.1 Let ¥ be a complete fan in R? and F a contravariant functor from
Y to the category of abelian groups. For 0 < s < d we set

(S, F) = @ 0,2 F(o).

cex(d—s)
Then a coboundary map &° : C*(X, F) — C*T1(3, F) is defined by
5S|OU®F(0) = Z WT,U®F<T,O').
rex(@ s
TCOo

We call C*(X, F) = (C*(X, F), 0%)sez the cochain complex of the fan ¥ associated
to the functor F. Let H*(3, F) denote the corresponding homology.

Example 2.3 Let Gy be the constant functor which associates to each cone o € %
the fixed abelian group G and to each inclusion 7 C o the identity map on G. Then
the associated cochain complex C*(X, Gy) is isomorphic to the augmented cellular
chain complex of the spherical complex C = {oc N St o € ¥, 0 # {0}} with
coefficients in G. Therefore H°(X, Gx) = G and H*(3,Gyx) = 0 for s # 0.

The cochain complex C*(X, F') is natural with respect to the functor F' in the fol-
lowing sense.

Lemma 2.1 Let Fy, 5 be two contravariant functors from the fan 3 to the category
of abelian groups. If there exists a natural transformation ® from F to Fy, then
O induces a chain map f : C*(, Fy) — C*(3, Fy). Furthermore, if ® is a natural
equivalence, then f is an isomorphism and hence H*(X, Fy) = H* (3, F,).

Proof Let ® be a natural transformation from F; to Fy, i.e. a map which associates
to each cone o € ¥ a homomorphism @, : Fy(c) — Fy(o) such that @, o Fy(7,0) =
Fy(1,0) 0o ®, for every inclusion 7 C 0. For 0 < s < d we define a homomorphism
f5:C%(%, F) — C3(%, Fy) by

Flosere = Y, ido, ® P,.
ceX(d—s)
It follows that 5710 d% = §o f* for all s, hence f = (f*)sez is a chain map. If ® is
a natural equivalence, i.e. the homomorphisms ®, are isomorphisms, the maps f*
are isomorphisms, too. O

Let o € X be a k-dimensional cone. Then 7, . is a torus of dimension d — k and oV is
a free abelian group of rank d — &, hence the cohomology ring H* (Ta) is isomorphic
to the exterior algebra A*(c") (see example B.2). Moreover, the corresponding iso-
morphisms can be chosen simultaneously for all cones o € ¥ such that the following

lemma holds.



Lemma 2.2 Let ¥ be a complete fan in RY. There is a natural equivalence between
the functors Hy, and AS;.

~

Proof For each cone o € ¥ we have to find an isomorphism @, : H*(T,) — A*(¢")
such that for every inclusion 7 C o the following diagram is commutative:

*
pT,o

HY(T,) == H*(T))

We first define the isomorphism ® = &gy : H*(T?) — A*(Z%). For a vector v € Z*
let ¢, € H,(T?) be the homology class represented by the cycle which is obtained by
projecting the segment {tv| 0 < ¢ < 1} C R? onto the torus 7¢. The map v + c,
defines an isomorphism from Z¢ to H,(T%) and since H'(T?) = Hom(H,(T%),Z),
there is a vector ®(a) € Z? for each cohomology class o € H'(T?) such that

alc,) = ®la)-v  YveZ

Let ® : H*(T?) — A*(Z%) be the induced ring isomorphism. For a cone ¢ € X,
o # {0}, we now define ®, : H*(T,) — A*(Z%) to be the composition of the ring
homomorphism p : H *(T ») — H*(T?) induced by the canonical projection p, :
T¢ — Tg, followed by ®. We show that @, is injective and that im ®, = A*(c").
The commutativity of the diagram will then follow from the fact that pj; = p; op; ,
for 7 C 0.

(i) Since the homology of the torus T, is free and of finite rank, it follows from
T = T, ® T, that H*(T%) = H*(T,) ® H*(T,) by the Kiinneth theorem. Under
this isomorphism the homomorphism p* : H*(T,) — H*(T?) is given by o — 1 @ «v
where 1 € H*(T,) is the unit element. Therefore p} is injective and &, = & o p’
as well.

(i) Since ®, is a ring homomorphism and H*(T,) is generated by H'(T,) just as
A*(c") is generated by A'(c¥) = 0V, it is sufficient to show that im ®, |y za) = 0V.
From ker p, = T it follows that ker po.|p, ¢y = {c, € H(T%)| v € spano N Z%}.
Thus for « € HY(T?) we have

d(pia)-v = (pia)(cy) = a(pex(c,)) =0 Vv € spano N Z4

and hence ®,(a) = ®(pia) € oV. Reversely, if ®(3) € o for some § € H'(T?),
then 3(c,) = 0 for all v € spano N Z* and hence ker po | g, (ray C ker 3. Thus there

exists a homomorphism « : H,(1,) — Z such that 8 = & 0 pos| g, (rey = pi(a). O
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Remark Since H*(T,) and A*(¢") both are graded rings and the isomorphism ®,
respects their gradations, there also exists a natural equivalence for each 0 <t < d
between the functors HY and AL which associate to each cone o € ¥ the groups
H'(T,) and A\'(cV), respectively.

2.2 The spectral sequence

Let Xy, be the toric variety associated to the complete fan ¥ in R?. By taking the
preimages X, = p~!(B,) where B, is the union of the cells int & C B? of dimension
< s, we obtain a natural filtration

=X ,CXoCX C...C Xy=Xs5.

By lemma 1.1 the sets X are CW-subcomplexes of X5, hence there is an associated
spectral sequence (E,, d,),>1 with initial term E* = H*+(X,, X,_;) and differential
dy: BY — Ef“’t corresponding to the connecting homomorphism in the long exact
cohomology sequence of the triple (X1, X, Xs_1) (see example A.1). Since the
filtration of Xy is finite the spectral sequence degenerates, i.e. eventually becomes
constant, and the limit term F,, is isomorphic to the bigraded module associated
to the filtration F' of H*(Xy) defined by

FSH*(Xs) = ker[H*(Xs) — H*(X,_1)].

By computing the Ei-term and its differential d; we will prove the following

Theorem 2.1 Let X5, be the toric variety associated to the complete fan ¥ in RY.
There exists a spectral sequence (E,,d,),>1 with Ey' = H*(X, \L) which converges
to the cohomology of Xx.

Proof In order to compute the Ej-term, we may write the pair (X, X, 1) as the
union of the pairs (p~'(6),p 1(95)) where o ranges over the (d — s)-dimensional
cones of ¥. Since the pairs (p~!(6),p~1(95)) are CW-subcomplexes of (X, X, 1)
and the intersection of every two of them has trivial cohomology (as a pair consisting
of equal components), it follows by induction from the Mayer-Vietoris sequence that

H5+t(Xs, Xs—l) ~ @ HS—H(p_l(&),p_l(a&)).

ceX(d—s)

Under this isomorphism the differential d; : H*"/(X,, X, 1) — H*™ (X, X)
induces for each (d — s)-dimensional cone o € 3 and each face 7 C ¢ of codimension
1 a map H*"(p~1(6),p 1 (056)) — H*T(p~1(7),p~1(07)) which is equal to the
composition (:*)~! o 6* in the first row of the following diagram:

8
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(6)

1d®p7
_

IR

1R

y\

H*(6,06) @ H'(T})

IR

Mo ®id

>

O, ® HY(T))

i*®id
—

1R

Hs (p=Y(07),p~1(07\ int 6))

Frlp=109)

~ ~

H#(07,07\ int 6) @ H'(T})

(7

Wr.o ®id

'~ (07\ int 6) x 1))

5*

—

(2)

5*

—

H¥H (p= (1), p~(07))

IR

Ar

1R

pr®id




In the diagram on the previous page 6* always denotes the connecting homomor-
phism in the long exact cohomology sequence of the corresponding triple of spaces
and 7* the homomorphism induced by the inclusion of the corresponding pair of
spaces. Since these inclusions are all of the form (A, AN B) C (AU B, B) where A
and B are CW-subcomplexes of AU B, they induce isomorphisms in cohomology by
excision. We now describe the vertical isomorphisms and show the commutativity
of the diagram, level by level.

(i) For each cone o € ¥ we define a map f, : (6 xT,,06 xT,) — (p~'(8),p~(86))
by fo(z,t) = (z,ps0 (t)) where ¢’ € ¥ is the unique cone for which = € int 6’. Since
fo is the identity map on int 6xT o, it is a relative homeomorphism between finite
CW-complexes and hence induces an isomorphism in cohomology. The commuta-
tivity of square (1) follows from the commutativity of the following diagram

p~(6) p~'(07)
fo ]\ﬂ"a%qu—
6xT, Xpro 6xT, — 0+ xT,

and square (2) is commutative because f, induces a chain map between the corre-
sponding chain complexes.

(ii) Since the homology of the torus T, is free and of finite rank, there exists by the
Kiinneth theorem an isomorphism X\, : H*(6,86) ® H*(T,) — H*(6 xT,,, 06 x T,)
given by a ® # — axf. The isomorphisms A" and A" are analogously defined. Since
the cohomology cross product is natural (see [9], 5.6.2), the squares (3) and (4) are
commutative and the commutativity of square (5) follows from [9], 5.6.6.

(iii) If we fix an orientation of the sphere S! C R, then every orientation o of the
cone ¢ € ¥ induces a unique orientation of the cell & C S¢!, which is represented
by a generating element o € H*(6,05) where s = dimé. The map o — « induces
an isomorphism yu, : O, — H*(6,00) such that square (7) is commutative. The
commutativity of square (6) is trivial.

By taking the composition of the isomorphisms f¥, (A,)™! and (u, ® id)~! we see
that
EY' 2 H'(X, X2 2 P O, ® HY(T,) = C*(S, HE)

oex(d—s)

and that the differential d; : Ef' — EF™" corresponds under this isomorphism
to the coboundary map &° of the cochain complex C*(X, H). Therefore Ey =
H*(X, HY) and since there is a natural equivalence between the functors HS and AL
(see lemma 2.2 and the remark after), the proof is completed. O

10



Corollary 2.1 E;" is a free abelian group of rank aq_, (i) for0<s<d, 0<t<s,

and B} =0 otherwise. In particular (E,.,d.) is a first quadrant spectral sequence.

2.3 Applications

We show how the spectral sequence of theorem 2.1 can be used to compute the
Euler characteristic of a toric variety Xy and the low and high dimensional coho-
mology groups. Recall that the limit term of the spectral sequence is related to the
cohomology of Xy, by

Eg(,)t o~ FsHs+t(XE)/Fs+le+t(XE)
> ker[H*H(Xy) — HV(X, )]/ ker[HH(Xs) — H*H(X,)]

Theorem 2.2 The Euler characteristic x(Xx) of a d-dimensional toric variety Xs
s equal to the number aq of d-dimensional cones in the fan .

Proof For every term E, of the spectral sequence we define its Euler characteristic
by x(E,) = > ,(=1)*"" 1k E3*. By corollary 2.1 we have

X(E) = X80 Yiso(=1)* ag (j) = ay.

From [9], 4.3.14, it follows that x(E,;+1) = x(H(E,)) = x(E,) and hence we obtain
by induction x(F,) = a4 for all r. Since the spectral sequence degenerates, i.e.
E. = E, for some r, we also have y(E) = a4. On the other hand, it follows from

Sotimg Tk B = Yoo tk(FPHY(Xy) /PP HY(Xx)) = rk HY(Xx)

that x(EFwx) = x(Xx). O

Theorem 2.3 Let Xy, be a d-dimensional toric variety. Then the low dimensional
cohomology groups of Xx, are given by

y/ ¢=0
0 =1

q ~
H(Xz) = ker[s! : CM(E,Ap) — C*(E,A0)] ¢ =2
H2(S, AL) ¢=3

and the high dimensional groups by

2 S NTHZY) ) Srenn NTH(TY) g =2d -2
Hi(X5) =3 NNZY) ) Ereso NTHTY) g=2d—-1
Z q=2d

11



Proof Since \°(c") 22 Z for all cones o € ¥, it follows from example 2.3 that

35,0 ~Au s ~ Z 8:0

By corollary 2.1 we know in addition that ES' = 0 for t < 0, s > d and t > s.
This implies that for s +¢ < 3 and s +t > 2d — 2 the groups E5', r > 2, are
constant, for the differentials from and to these groups are all trivial, and hence
Est = E5'. On the other hand, the groups E%! with s + ¢ = ¢ determine the gth
cohomology group of the toric variety Xy up to group extensions. In particular, if
there is only one non-trivial group E5! with s + ¢t = ¢, this group must coincide
with H9(Xy). This is the case for ¢ = 0,2, 3,2d — 1,2d where the respective non-
trivial groups are ES’O,E;’l,EQQ’l, Zd’d_l and EZd’d. For ¢ = 1 all the groups Ej'
with s + ¢ = ¢ are trivial and hence H!(Xy) is trivial, too. For ¢ = 2d — 2 there
are two non-trivial groups Ej" with s +t = ¢ and we first obtain the isomorphism
By bl > g2 X0) /ES9?. But since By Y = ker[dy - BYTVN — EP s

free, H24-2(Xy,) splits into the direct sum ES "' @ E$* 2. Finally the proof can
be completed by interpreting the corresponding groups Ej' = H (X, AL). O

Remarks (i) The formula for H%(Xy) is a generalization of a result by M. Eikel-
berg (see [2], 7.3 Folgerung, 7.7 Satz), since it also holds for toric varieties whose
underlying fans are not polytopal.

(ii) The high dimensional cohomology groups do not depend on the combinatorial
structure of the fan 3 but on its generating vectors.

(iii) All the groups which occur in the theorem can easily be calculated within
multilinear algebra. Thus the theorem enables us in particular to determine the
cohomology of a 3-dimensional toric variety.

Example 2.4 Let ¥ be the fan generated by the cube [—1,1]* € R? (see example
1.1) and ¥’ the fan obtained from ¥ by replacing the generating vector v = (1,1, 1)
with the vector v' = (2,1,1). Then the associated toric variety Xy has the following
cohomology groups:

0 q=2
Z =3
Hi(Xe) =1 70 Z: 4
Z/2Z q=5

This example shows that the second cohomology group of a toric variety can vanish,
if the underlying fan is not polytopal.
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3 Classification of smooth 2-dimensional toric va-
rieties

In this section we use the CW-cell decomposition of section 1 to explicitly calculate
the intersection form of a smooth 2-dimensional toric variety Xy. Applying Freed-
man’s characterisation of 4-manifolds by their intersection form, we conclude that
Xy, is either homeomorphic to the complex projective plane CP?, the product of
spheres S? x S? or the connected sum of CP? with a finite number of —CP?. This
result could also be deduced from a theorem of Oda ([8], theorem 8.2) which uses
techniques from algebraic geometry and combinatorial properties of regular fans
in R2.

3.1 Cellular homology

Let Xy be a 2-dimensional (not necessarily smooth) toric variety associated to the
complete fan ¥ in R?. We assume that the 1-dimensional cones 7i,. .., 7, of ¥ are
numbered counterclockwise and that the cone 7; is generated by the primitive vector
v; = (vi1,vi2) € Z* (i.e. v and vy, are coprime integers). Furthermore let o; be the
2-dimensional cone which is generated by the vectors v; and v;y1. (The indexing
from 1 to n is always meant to be cyclic.) For convenience we may represent the
dual complex 3 as the face complex of a polygon P, which we hence designate as
the dual of the cone {0}.

Ti+1

Figure 1: A 2-dimensional fan ¥ and its dual complex )y

We first describe for each cone o € ¥ the CW-cell decomposition of the torus 7, o
which we have used in the proof of lemma 1.1. Recall that T, = o*/7,(Z?) where
o* is the subspace of R? orthogonal to the cone p and 7, the orthogonal projection
of R? onto ¢*. Let I denote the interval {t € R| 0 < ¢ < 1}. Then the standard
CW-cell decomposition of the torus T oy = T? consists of the cells ¢!, ¢l and
¢® which are represented by the subsets {(0,0)},1x{0},{0}x I and I xI of R?,
respectively. For 1 < i < n the 1-dimensional torus T T, 18 decomposed into a 0-cell

13



which we identify with ¢® and the 1-cell ¢; which is represented by the segment
Tw; C Tf, where w; € R? is theA vector orthogonal to v; such that det(v;, w;) = 1.
Finally, the O-dimensional tori 7,,, 1 < i < n, consist of a single 0-cell which we

identify again with c°.

The product cells int 9 x ¢ now form a CW-cell decomposition of the toric variety
Xy and if we provide them with appropriate orientations, the boundaries of the
corresponding cellular chains (for which we use the same notation) are given by

O (intg; xc®) = 0

O (int 73 xc*) = intd; xc® —int 6;_1 X

Oy (int 73 xcl) = 0

Oy (int Pxc®) = Y (int7;xc°) (1)
83 (thxc}) = Z(—’l)lg)(lnt 727, XC%)

83 (mt Px C;) = Z Vi1 (Hlt ’7A'l X C;)

84 (mt Px 02) =0

Note that the multiplicities of the chain int7; X ¢; in the boundaries of the two
3-chains come from the images 7, (1,0) = —vpw; and 7., (0,1) = v;;w;. By evaluat-
ing the above boundary maps we finally obtain the following

Lemma 3.1 Let Xx be a 2-dimensional toric variety associated to the complete
fan ¥ in R? whose 1-dimensional cones are generated by the primitive vectors
vy, ..., 0, € Z%. Then the homology of Xx is given by

Z q=0,4
H,(Xs) =2 { Z")(Zv; + Zvy) X Z" D Z/mZ q=2
0 otherwise
where v] = (Vi1,...,0n1), 05 = (V12, ..., Un2), and m is the greatest common divisor

of the determinants det(v;,v;), 0 <i < j < n. In particular Hy(Xs) = Z"2 if Xy
18 smooth.
3.2 The intersection form

In the following we assume that the 2-dimensional toric variety Xy is smooth. Thus
by property (ii) of theorem 1.1 we have

det(v;,vi41) =1 (1<i<mn) (2)

and in view of property (iii) we may assume in addition that v,—; = (1,0) and
v, = (0,1). By (1) we see that the group of 2-cycles of Xy is generated by the
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chains int7; x ¢}, 1 < i < n, and the corresponding homology classes z; € Hy(Xy)
satisfy the following relations:

vz + .o+t U212+ 21 = 0 (3)
V1921 + ...+ Un—2,22n—2 + zn = 0.

In order to determine the intersection numbers z;-z;, we first observe that the
spheres p~!(7;) and p~!(7;) which represent the classes z; and z;, respectively, do
not intersect in Xy if their generating cones 7; and 7; are not adjacent. Therefore
we have

zi-z; =0 (I<l]i—jl<n-=1).

Second, the spheres p~!(7;) and p~'(7;;1) intersect in the unique point which lies
over the vertex &; of P. Since det(v;,v;41) = 1, it can be seen that this intersection
is transversal and hence

where the signs are all equal and only depend on the orientation of Xy. In the
following we fix them to be +1.

Third, by multiplying both relations (3) with z; and taking a suitable linear combi-
nation of the resulting equations, we obtain the self intersection numbers

zi-z; = —det(vi_1,vi41) (1<i<n)

where we have also used the smoothness condition (2).

3.3 Characterisation of the intersection form

Having calculated the intersection form of Xy, we now characterise it up to isomor-
phism, i.e. up to a change of basis of Hy(Xx). By (3) the classes z1, ..., 2, form
a basis of Hy(Xy), hence the rank of the intersection form equals n — 2.

In order to determine the signature, we first have to calculate the principal mi-
nors Dy = det((2;-zj)1<ij<k) of the intersection matrix. (Henceforth we will not
distinguish between the intersection form and its matrix.) From the results of the
previous subsection it follows that D; = det(wvy, v,,) and

Dy, = —det(vg—1,Vp41) Dg—1 — Di—o 2<k<n-2)

where we have set Dy = 1. By induction one can easily prove, e.g. by using the
Grassmann-Pliicker relation in R?, that

Dy, = (=1)"*" det(vp11,vn) (1<k<n-2).

15



From this equation we see that if none of the vectors vy is equal to —v,, = (0, —1),
then all the principal minors are non-zero and have alternating signs, except for the
unique pair (Dy_1, Dy) for which the vectors vy, and vg,; lie on opposite sides of the
y-axis. Hence by Jacobi’s theorem the signature of the intersection form equals 4 —n.
By a rule of Gundenfinger this still holds even if there exists a vector v, = (0, —1)
in which case Dy_; = 0 (see [4], note 1 on page 304).

If n = 3 there is only one possible vector v; = (—1,—1) and the intersection form
of Xy given by the matrix (1) is positive definite. If n > 3 the absolute value of
the signature of the intersection form of Xy is less than its rank, hence the form is
indefinite. Thus in order to characterise it, we finally have to determine its type.
The even type is only possible if n = 4. Indeed, if the intersection form of Xy
is even, then all the determinants det(v;_1,v;41), 1 < i < n — 2, must be even.
Since the vectors v; are primitive, it follows that they all have one even and one odd
coordinate, thus they are contained in the lattice I' = (1,0) + Z(1,1) + Z(—1,1).
Hence by Pick’s formula (see e.g. [5]) the area A(S) of the star-shaped polygon
S = UL, conv{0, v;, v;11} is given by

A(S)

det T’
where detT" denotes the determinant of a basis of I'. But by condition (2) the

area A(S) equals 5 and S does not contain any points of I' other than its vertices.
Therefore the equality can hold only if n = 4.

In fact, if n = 4 and v; = (—1,0), vy = (0, —1) the resulting form is even. On the
other hand, every odd indefinite intersection form of rank n > 4 can also be realised,
e.g. by setting v; = (i —2,-1), 1 <i<n-—2.

R ke

Figure 2: Representative fans with 3, 4 and n generators

= card(I" Nint S) + %card(l“ nNos) —1

Thus we have completely characterised the possible intersection forms of Xy and we
summarize the results in the following

Theorem 3.1 A non-singular integral symmetric bilinear form B can be realised as
the intersection form of an oriented smooth 2-dimensional toric variety Xs if and
only if either

(i) rank(B) =1 and B = (£1), or

(i1) rank(B) = 2 and B is even, or

(77i) rank(B) > 2, [signature(B)| = rank(B) — 2 and B is of odd type.
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3.4 Classification

In 1982 Freedman characterised topological 4-manifolds by showing that every non-
singular integral symmetric bilinear form can be realised as the intersection form of
an oriented closed simply-connected 4-manifold, and that any two such manifolds
realising the same form are homeomorphic if the form is even, whereas if the form
is odd there are two homeomorphism classes, one with trivial and the other with
non-trivial Kirby-Siebenmann obstruction (see [3], theorem 1.5).

In our case it is easy to give representatives of 4-manifolds which realise the in-
tersection forms described in the theorem of the previous subsection. Namely, let
us consider the oriented complex projective plane CP? which has intersection form
(+1). Then CP? with the opposite orientation, which we denote by —CP?2, has
intersection form (—1). Furthermore, if we take the connected sum of CP? with a
finite number of copies of —CP?, we obtain a 4-manifold whose intersection form is
the orthogonal sum of (+1) with a finite number of (—1) and hence satisfies condi-
tion (iii) of the theorem. Finally, the even indefinite form of rank 2 is the intersection
form of the product of spheres S%x S?. All these manifolds are smooth and hence
have trivial Kirby-Siebenmann obstruction, and since the same is true for the toric
varieties in question, we can state the following

Corollary 3.1 The homeomorphism classes of a smooth 2-dimensional toric variety
are represented by the complex projective plane CP?, the product of spheres S?x S?
and the connected sum of CP? with a finite number of copies of —CP?2.
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A Spectral sequences

A spectral sequence is a sequence of chain complexes each of which is the homology
module of the preceding one. Associated to a spectral sequence there is a limit mod-
ule, and the terms of the spectral sequence are regarded as approximations to this
limit module. A spectral sequence can be used e.g. to approximate the cohomology
of a topological space X by the relative cohomology modules of subspaces of X.
Since this is the case in which we are interested, we describe cohomology spectral
sequences rather than ordinary spectral sequences, though they are the same apart
from the notation. Our exposition follows [6] and [9]. We first present the algebraic
concept of spectral sequences.

In the following we consider modules over a fixed principal ideal domain. Let E be
a bigraded module, i.e. a family of modules (E*');;cz. A differential d : E — F
of bidegree (r,1 — ) is a family of homomorphisms d : E5* — ESTm1=" guch that
d?> = 0. The homology module H(E,d) is the bigraded module defined by

Hs’t<E, d) — ker[d . Es,t N Es—i-’l’,t—i-l—'l‘]/dEs—T,t—l-l-T.

Definition A.1 A (cohomology) spectral sequence (E,,d,),>1 is a sequence of bi-
graded modules E, and differentials d,. of bidegree (r,1 — r) such that

H(E,,d,) = E,.1 Vr.

The module Fj is called the initial term of the spectral sequence. In order to define
the limit term, we identify the module E,,; with H(E,,d,) by the isomorphism
above. Then Fy = H(E;,d;) is a subquotient C/B; of E;, where C; = kerd;
and By = imd;. In turn E3 = H(Es,ds) is a subquotient of C/B; and hence it is
isomorphic to Cy/ By, where By C Cy are submodules of C such that Cy/B; = ker ds
and By/B; = imdy. By induction we obtain a tower of submodules

BiCcB,CB;C...CcCyCCycC (]

of E; such that E..; = C,./B,. We set By, = U, B, and Cy, = N, C,. Then
B, C C and the quotient module E,, = Cy /By is called the limit term of the
spectral sequence.

The spectral sequence (FE,.,d,) is said to be convergent, if for every pair (s,t) there
exists an index r(s,t) such that the differentials d, : E3* — ESTHH=" are trivial
for > r(s,t). In this case E2; is isomorphic to a quotient of E*!, and E%' is the

direct limit of the sequence Ef&;t) — Ef&;t) 1

A particular example of a convergent spectral sequence is a first quadrant spectral
sequence, i.e. a spectral sequence for which E¥' = 0if s < 0 or ¢t < 0 (for some 7).
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For such a spectral sequence there even exist indices r(s,t) such that the homomor-

. . . . t
phisms in the sequence above are isomorphisms and hence E%! = Ef(s B

We now study the spectral sequence associated to a filtration of a cochain complex.
A (decreasing) filtration F' of a module A is a sequence of submodules (F*A)cz
such that FA D Fst'A. A filtration F' determines an associated graded module
G(A) defined by G(A); = FPA/F*TA. If A = (A;)iez is a graded module, the
submodules F®A are graded by (F*A); = F*AN A; and the associated module G(A)
is bigraded by G(A),, = F*A./F* Ay

A (decreasing) filtration of a cochain complex C* = (C, §7) is a sequence of cochain
subcomplexes (F*C*),ez such that F*C* D F**1C*. The filtration F is said to be

bounded, if for every ¢ there exist indices s;(q) < s2(g) such that F*1@C7 = C4
and =@ — (.

Theorem A.1 Let F be a filtration of a cochain complex C* = (C9,07). There is
a spectral sequence (E,,d,) with initial term

Ei@,t ~ Hs+t(FsC*/Fs+IC*)

and differential dy corresponding to the coboundary operator of the triple (F*C*,
FstIC* FsT2C*). If F is bounded the spectral sequence is convergent, and the limit
term FEo, is isomorphic to the bigraded module associated to the filtration of the
cohomology module H(C*) defined by

FPH(C*) = im[H(F*'C*) — H(C)).

(In this case we say that the spectral sequence converges to the cohomology of C*.)

Example A.1 Let X be a CW-complex and (X;)scz an increasing filtration of X
consisting of CW-subcomplexes. There is an induced (decreasing) filtration F' of
the cellular cochain complex C*(X) given by the subcomplexes

FC*(X) = {c € C*(X)| ¢

C*(Xs—l) = O}

where C,(X) is the cellular chain complex of X. If for every g¢-skeleton X7 of X
there exist indices s1(q) < s2(q) such that X, ) C X7 C X, (g, the filtration
F is bounded. In this case there is a convergent spectral sequence (E,,d,) with
Eit~ H ST X, Xs-1), di corresponding to the connecting homomorphism in the
long exact cohomology sequence of the triple (X, 1, X,, X5_1) and

B3 = ker[HPH(X) — H(X,_ )]/ ker[H*TH(X) — H*T'(X,)].
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B Tensor products and exterior algebra

All modules in this appendix are modules over a fixed commutative ring R with a
unit. Furthermore we assume that all R-algebras have a unit and that a homomor-
phism between two R-algebras is unit preserving.

A graded algebra consists of a graded module A = @,z A, and a homomorphism
i A® A — A of degree 0, i.e. u maps Ay ® A; to Asiy. p is called the product of
the algebra and for a,a’ € A we write aa’ = p(a ® a’'). The algebra A is commu-
tative if aa’ = (—1)482%89'g/q for all a,a’ € A, where deg denotes the degree of an
element a € A.

If A= @,z Ay and B = @ ez B, are graded algebras, their tensor product A ® B
is graded too by (A ® B)y = @sy4—y As @ By, and with the product

(CL ® b)(a' ® b/) _ (_1)degbdega’aa/ ® bb/

A ® B becomes a graded algebra which is associative or commutative whenever A
and B are.

Example B.1 Let R be a principal ideal domain. If X is a topological space, then
H*(X; R) = @ 50 H!(X; R) is a graded algebra whose product is the cup product.
H*(X; R) is associative and commutative, it is called the cohomology algebra of X.
If Y is a second topological space whose homology module H,(Y’; R) is free and of
finite type, there is an isomorphism of graded algebras

H*(X;R)®@ H'(Y;R) 2 H' (X xY; R)

by the Kiinneth theorem (see [9], 5.6.1).

Definition B.1 Let ®%A denote the g-fold tensor product of the module A with
itself. (In particular we set ®°A = R and ®'A = A.) Then a product is defined on
the direct sum @A = P 5o ®?A by

ab = (3, aq)(Xqbg) = Xq(Xiti1=q as @ br)

where a4, b, € ®?A are the homogeneous components of a and b, respectively. This
makes @*A an associative graded algebra, called the tensor algebra on A.

Definition B.2 Let @*A be the tensor algebra on the module A and I C ®*A
the ideal generated by the elements a?, a € A. Since I is graded, the quotient
NA = Q*A/I is graded too, and its component AYA of degree ¢ is isomorphic to
&®?A modulo the submodule generated by the elements a; ® ... ® a, with a; = a;
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for some i # j. (In particular A°’A = R and A'A = A.) The product on ®*A
induces a product on A*A which is denoted by A. The relation a A a = 0 implies
that a Aa’ = —a’ Aa for all a,a’ € A, and by induction on the degree it follows that
the product A is commutative. Thus A*A is an associative and commutative graded
algebra, called the exterior algebra on A.

The exterior algebra A*A can be characterised by the following universal property:
If f: A— X is a homomorphism into an algebra X such that (f(a))? = 0 for all
a € A, then f can be extended uniquely to an algebra homomorphism from A*A to X
(where A has been identified with A'A C A*A). This implies in particular that every
homomorphism f between two modules A and B induces a unique homomorphism
f*  N*A — A'B such that f*|4 = f.

The module structure of A*A can be described as follows. If the module A is finitely
generated by the elements ey, ..., e,, then A"A is generated by the products

e, N...Ne;, (1§Z1<<ZTSH)
Moreover, if A is free with basis {ey,...,e,}, the products above form a basis of
A*A and hence rk(A*A) = 2™.

The following lemma we need to compute the cohomology algebra of a torus.

Lemma B.1 If A, B are two modules, there is an isomorphism of graded algebras

NA® N B = N\ (A B)

Example B.2 Let R be a principal ideal domain. By 79 we denote the d-dimen-
sional torus S'x...xS! (d factors). Since the homology module of the circle S* is
free and of finite type, there is an isomorphism H*(T% R) = ®*H*(S'; R) by the
Kiinneth theorem. The cohomology algebra of the circle is generated by a single
element o € H'(S'; R) for which o U = 0 and therefore H*(S*; R) = A*(R). By
the previous lemma it follows that H*(T? R) is isomorphic to the exterior algebra
on the free module of rank d over R.

22



C Symmetric bilinear forms

The main purpose of this appendix is to present the classification theorem of in-
definite integral symmetric bilinear forms. For a thorough treatment of symmetric
bilinear forms see [7].

Let R be a commutative ring with a unit and X a finitely generated free R-module.
We always assume a symmetric bilinear form 5 : X x X — R to be non-singular, i.e.
for each linear map ¢ : X — R there exists a uniquely determined element yy € X
such that ¢ is equal to the map z +— ((x,yy). (For such a symmetric bilinear form
the notation z -y = [((z,y) is also used.) By the rank of a symmetric bilinear
form we mean the rank of the space on which it is defined. Two symmetric bilinear
forms (7 : X1 xX; — R and (3 : Xox Xy — R are isomorphic, if there exists an
isomorphism f : X; — X5 such that

Bo(f(x), f(y)) = Bi(z,y)  Va,y€ Xy

In order to classify symmetric bilinear forms up to isomorphism, the following con-
struction is useful.

Definition C.1 If 3, : X; xX; — R and (5 : Xox X5 — R are two symmetric bili-
near forms, their orthogonal sum is the symmetric bilinear form ( which is defined
on the direct sum X; & X5 by

B((z1,22), (Y1, y2)) = Br(w1,y1) + Ba(22, 42).-

Example C.1 Let R be a principal ideal domain. If X is an oriented manifold
of dimension n = 2k, then the intersection numbers of homology classes define a
bilinear form on the free submodule of Hy(X; R), called the intersection form of
X. By Poincaré duality the intersection form is non-singular and if k is even, it is
symmetric. If Y is another oriented manifold of even dimension, then the intersection
form of the connected sum X#Y is the orthogonal sum of the intersection forms of
X and Y.

We now restrict to integral symmetric bilinear forms, i.e. R = Z. Before we can
state the main theorem we need some more definitions.

Definition C.2 Let §: X x X — Z be a symmetric bilinear form.

(i) B is called positive (negative) definite, if x-x > 0 (z-x < 0) for all x € X, and
[ is called indefinite if x - x can take on both positive and negative values.

(ii) Let {b1,...,b,} be an orthogonal basis of Q ® X with respect to the induced
symmetric bilinear form. Then the signature of § is defined to be the difference
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between the number of elements b; with b; - b; > 0 and the number of elements b;
with b; - b; < 0.

(iii) 3 is said to be of odd type if there is an element = € X with z -z odd, and [ is
of even type if there is no such element.

It can be shown that for every indefinite symmetric bilinear form there exists an
element * # 0 with x - x = 0. This implies by induction that every indefinite
symmetric bilinear form of odd type is isomorphic to the orthogonal sum of bilinear
forms of rank 1. Finally, by reducing the case of indefinite symmetric bilinear forms
of even type to the case of odd forms, one obtains the following

Theorem C.1 Two indefinite integral symmetric bilinear forms are isomorphic if
and only if they have the same rank, signature and type.

Remark The classification of positive definite integral symmetric bilinear forms is
much a harder problem. For further information see [7].
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